Higgs resonance modes in condensed matter systems are generally broad; meaning large decay widths or short relaxation times. This common feature has obscured and limited their observation to a select few systems. Contrary to this, the present work predicts that Higgs resonances in magnetic field induced, three-dimensional magnon Bose-condensates have vanishingly small decay widths. Specifically for parameters relating to TlCuCl3, we find an energy (∆H ) to width (ΓH ) ratio ∆H /ΓH ∼ 500, making this the narrowest predicted Higgs mode in a condensed matter system, some two orders of magnitude 'narrower' than the sharpest condensed matter Higgs observed so far.
A dimensionless parameter characterising the quality of the Higgs mode is the ratio of the mode energy over the decay width, Q = ∆ H /Γ H . For many interesting, symmetry-broken systems, the Higgs modes obtain Q ∼ 1, implying such poor quality that the mode is unobservable. This is the case for the Higgs partners to the following low energy modes: the Higgs partner to spin waves in simple Heisenberg AFM; the partner to π-mesons (chiral symmetry breaking) [10] ; the partners to sound in atomic BEC and in superfluid Helium, etc. It is worth noting that in some cases it is possible to detect Higgs modes indirectly, even for low Q ∼ 1. For example, in the case of superconductors NbSe 2 and NbN, observation requires either the presence of charge density wave order, or the implementation of out-of-equilibrium spectroscopy [11] [12] [13] . To the best of our knowledge, the narrowest Higgs mode observed in a condensed matter system, to date, has quality factor Q = 5. This is the Higgs resonance in AFM phase of quantum antiferromagnet TlCuCl 3 [5] . The high quality factor is, in part, due to proximity to the quantum critical point (QCP) [14] .
On the other hand, the quality factor of the fundamental 125 GeV Higgs boson in particle physics is Q ≈ 2×10 4 [15] . Can one have something comparable in a condensed matter system? In the present work we argue that it is both possible, and accessible within current experimental techniques. We predict a very narrow Higgs resonance in BEC of magnons in an external magnetic field. The predicted resonance width is so narrow that it may be beyond the resolution of inelastic neutron scattering techniques, with meV resolution [5] . Instead measurement would require µeV resolution, for which neutron spin-echo technique is appropriate [16] . Moreover, Raman spectroscopy, which probes the scalar response channel, has been used to study Higgs modes of magnon-Bose condensates [17, 18] . Raman spectroscopy may therefore provide a suitable means to study the Higgs decay width [19] .
Although magnon BEC have attracted immense experimental [20] [21] [22] [23] [24] [25] [26] [27] and theoretical [28] [29] [30] [31] [32] [33] interest over the past two decades, see reviews [34, 35] , the issue of the Higgs magnon width in the BEC phase has not been addressed. Theoretically, the width in the usual AFM phase (i.e. not the BEC) was considered in Ref. [14] and also in recent Monte Carlo simulations [36, 37] .
In this work we address three dimensional (3D) quantum AFMs, having in mind TlCuCl 3 and similar. The zero temperature phase diagram of the system we consider is shown in Fig. 1 , where Fig. 1(a) corresponds to a zero magnetic field slice of Fig. 1(b) . The quantum phase transition is driven by an external parameter, say pressure p. At p > p c the system is in the AFM phase, the order parameter ϕ c = 0 is proportional to arXiv:1705.09007v1 [cond-mat.str-el] 25 May 2017
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We study 3+1 dimensional, critical quantum antiferromagnets (O(N ) model), with the addition of an external magnetic field. The quantum critical point, and ordered phases are described by an e↵ective quantum field theory the staggered magnetization. The region p < p c corresponds to the magnetically disordered phase, where the excitations -triplons, are gapped and are triply degenerate. We denote by m the gap in the triplon spectrum. BEC of magnons at p < p c can be driven by external magnetic field B. Evolution of the triplon gap under the magnetic field is shown in Fig. 2(a) . At weak field there is simple Zeeman splitting of the triple degenerate gapped triplon. At the critical value of the field B c the lowest dispersion branch strikes zero. This is the BEC critical point. At a higher field the lowest branch remains gapless, this is the Goldstone mode of the magnon BEC. Gaps in the middle branch (z-mode) and the top branch (Higgs mode) continue to evolve with field. The zero temperature B − p phase diagram is presented in Fig. 1(b) where the vertical axis shows the order parameter. The diagram clearly indicates that the AFM phase at B = 0, p > p c is continuously connected with the BEC phase at p = 0, B > B c [38] . Evolution of excitation gaps with magnetic field at zero pressure, p = 0, is shown in Fig. 2(a) . Evolution of excitations gaps along the dashed contour in the B − p plane in Fig. 1(b) is shown in Fig. 2(b) . Markers in Fig. 2 indicate experimental data for TlCuCl 3 and solid lines represent theory described below.
The systems analysed here are close to quantum criticality, where usual spin-wave or triplon techniques are insufficient. Instead, the present analysis employs quantum field theory. The σ-model-type effective Lagrangian of the system reads [14, 39] ,
Here ϕ is a real vector field describing AFM magnons,
is the pressure dependent effective mass (γ is a coefficient), and α is the coupling constant. In Eq. (1) we set the magnetic moment and the magnon speed equal to unity gµ B = c = 1. Of course, when com- paring with experimental data these quantities have to be restored. Quantum fluctuations renormalise values of m 2 and α. The effect of renormalization is well understood [41] ; the bare values of m and α are to be replaced by logarithmically renormalized values, m → m R (Λ), α → α R (Λ). In our analysis, the renormalization scale, Λ, is equal to the Higgs gap. We will not discuss logarithmic renormalization any further. In the spontaneously broken AFM/BEC phase, the classical expectation value immediately follows from (1), ϕ 2 c = (B 2 − m 2 )/α > 0. Hence the field is ϕ = (ϕ c + σ, π y , π z ). Here we choose x-axis to be the direction of the spontaneous magnetization ϕ c which is orthogonal to the magnetic field directed along the z-axis. Eq. (1) rewritten in terms of dynamic fields, σ, π y , and π z , reads
Performing Fourier transform, σ, π ∝ e −iωt+ik·r , and using the relation
, we obtain the matrix Green's function
where 
Theoretical values of ω k=0 , given in Eq. (4), are plotted in Fig. 2 by solid lines [42] . Note that (4) is valid at B > B c in the spontaneously broken phase. In the disordered phase at B < B c there is simple Zeeman splitting of triplon dispersions, ω
where l = 0, ±1. Plots of dispersions (4) versus momentum for two values of magnetic field, B = B c and B = 1.1B c are presented in Fig. 3(a) . At the critical point, B = B c , the Goldstone mode is quadratic in momentum at k → 0. At B > B c the Goldstone mode is linear at k → 0 with a non-linear bend at k ∼ B − B c .
In principle, the decay amplitude of the Higgs mode is given by L 3 and L 4 in Eq. (2) . However, in the BEC phase there is an important physical and technical complication that originates from the Berry phase term B[σπ y −σπ y ] in L 2 , which is not present in the usual AFM phase. This term introduces off diagonal kinetic terms into the Lagrangian (or equivalently, into the Green's function (3)), which cause mixing, or hybridization, between the σ and π y modes. In a standard field theory or in a spin-wave theory without off-diagonal kinetic terms, the field operator is represented as a combination of corresponding creation and annihilation opera-
. This remains valid in the AFM phase of the present work. However, owing to the Berry phase, this is not valid in the BEC phase. Below we elaborate how to correctly represent the field operators σ, π x/y in terms of creation/annihilation operators, since it is important for understanding the results of the paper.
Let z-modes. Accordingly, the Hamiltonian reads
It is shown in Section I of the supplementary material that the field operators are to be expressed in terms of the creation and annihilation operators in the following way (5) where, denoting α = H, G, the coefficients are
In a conventional BEC, the Higgs mode is longitudinal and the Goldstone mode is transverse. As demonstrated in Eqs. (5), this is not true for the magnon BEC. Both longitudinal and transverse waves are linear combinations of Higgs and Goldstone excitations. The bending of the Goldstone dispersion at k ∼ B − B c , see Fig. 3(a) , is a direct manifestation of this hybridisation. From the interaction term L 3 (2) and Eq. (5), we conclude that Higgs can decay into two Goldstone excitations and into two z-excitations, as shown diagrammatically in Fig. 4(a) . The decay matrix elements follow from Eqs. (2),(5)
Here we denote the momentum of initial Higgs by k 0 and momenta of final particles by k 1 and k 2 . The decay width is given by Fermi golden rule
where the coefficient 1/2 stands to avoid double counting of final bosonic states. A direct integration gives the decay widths. For clarity, and to avoid lengthy formulas, we present here only the partial widths in rest frame,
where the scaling functions φ G and φ z depend on the parameter,
The parameter, δ, ranges from δ = 0 at a BEC critical point at; p < p c , m 2 > 0, and B = m, to δ = ∞ in the AFM phase; p > p c , m 2 < 0, and B = 0. Asymptotics of the scaling functions are:
Plots of φ G (δ) and φ z (δ) are presented in Fig. 3(b) . A very strong suppression at small δ is evident, and this constitutes our main physical result.
In the AFM phase at B = 0, δ = ∞, the total width Γ = Γ H→GG + Γ H→zz has been already measured [5] and calculated [14, 36, 37] . In this regime, Eq. (9) gives Γ/ω H = α/8π which is consistent with previous work [5, 14, 36, 37] . The most interesting prediction of Eq. (9) is the dramatic suppression of the width at δ < ∞ and especially in the BEC phase (δ < 1). Explicitly for TlCuCl 3 , taking p = 0 and B = 1.1B c ≈ 6.4T, the Higgs gap is ω H ≈ 1.6meV and the quality factor Q = ω H /Γ ≈ 500, predicted by Eq. (9), is much higher than that in the AFM phase (Q ≈ 5) which itself is the highest Higgs quality factor observed in a condensed matter system so far. Even at the BEC border line, p = p c , δ = 0, the quality factor is Q ≈ 50.
It is interesting to note that the z-mode is even more narrow than the Higgs. The dominant decay channel is via emission of the Goldstone excitation, z → z + G, Fig. 4(b) (double Goldstone emission is also possible, z → z + G + G, but with lower amplitude). Moreover, the decay is possible only if the speed of z is higher than the speed of Goldstone excitation, making this a magnetic analog of Cherenkov radiation. Due to L 4 in Eq. (2) the Higgs mode can also decay into three Goldstones, H → G + G + G. However, the probability of this decay mode is much smaller than H → G + G considered above due to a reduced phase space and being at nextorder in perturbative coupling α. At non-zero temperature Raman processes become possible, H + G → H + G, z+G → z+G. The corresponding broadening can be calculated using the developed technique supplemented with appropriate Bose occupation factors. However, at low T , the Raman broadening is small due to Bose occupation factors, and therefore we do not consider it here. Comparing with real compounds one often has to account for weak spin-orbit anisotropy; we explicitly treat this scenario in Section II of the supplementary material. The anisotropy slightly changes one or more mode dispersion. Which mode is affected depends on the orientation of the magnetic field. If magnetic field is oriented such that the anisotropy only shows up as an additional gapping of the z-mode, the Higgs partial decay into the z-mode will be further reduced due to phase space, strengthening the present conclusions. Finally, it is worth noting that in the BEC phase the width becomes so narrow that the decay into two phonons may be comparable with purely magnetic decay mechanisms considered here.
In conclusion, we predict that Higgs modes in a magnon Bose-condensate phase of 3D quantum magnets are ultra-narrow, i.e. have vanishingly small decay width. We demonstrate that the Higgs mode in the Bosecondensate phase can be tuned to have a decay width two orders of magnitude smaller than the corresponding mode in the antiferromagnetic phase, which itself is the narrowest Higgs mode observed so far in a condensed matter system. An essential feature of the Bosecondensate is a Berry phase contribution that causes the collective modes; Higgs and Goldstone, to appear as the hybridisation of longitudinal and transverse excitations of the condensate order parameter. This hybridisation plays a key role in narrowing the Higgs mode. Moreover, we calculate dispersions of all collective excitations in the magnon Bose-condensate phase and find that hybridisation also manifests itself as a bending of the dispersion branches, thus providing further experimental tests of the scenario posed here.
